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ABSTRACT: Beta Probability Density Function (β-PDF) model is applied to investigate the turbulent non-
premixed combustion flow, including species concentrations and temperature, in a burner. Gaseous methane 
(CH4) is injected at the centre of the burner inlet. Air is supplied through the surrounding of this fuel 
inlet. The governing equations are solved by a finite volume approach and are discretized with the second 
order upwind scheme. The Realizable k-ε turbulence model is applied to model turbulence. The Discrete 
Ordinate radiation heat transfer method is also used. The values of the species mole fraction, temperature and 
density, which are the functions of the mixture fraction, are determined by integration over a β-PDF. In this 
study wall as a flame holder is used to stabilize the flame. 
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INTRODUCTION 
 

The problem of flame stabilization is an important issue for designing of burners. Flames are 
frequently stabilized within a refractory passageway, referred to as a burner tile, in industrial 
burners. Flame stabilization techniques such as bluff-body and swirl vanes have been brought into 
practical use. Stabilization occurs by creating a recirculation zone, the simplest being the wake 
behind a bluff-body. Tankin et al. [1] studied the bluff-body effect on the bluff-body stabilized flame 
combustor and concluded that central jet having higher momentum than air jet, penetrates through 
recirculation zone and affects its size. Swirl combustion has been widely used in various industrial 
combustors because of its promising performance of mixing and flame holding [2, 3].  

Employing an appropriate turbulence model is a main task in a flow with turbulent nature. 
Standard k-ε eddy viscosity model (Ske), which is a complete and simple model, is widely used in 
various turbulence computational fluid dynamics problems such as in near-wall turbulent flows [4-7] 
and in rotating turbulent flows [8]. It is shown that Ske turbulence model can relatively predict the 
flow and temperature distributions for a reacting flow [9]. However, this model is not appropriate 
for flows with a high mean shear rate or a massive separation. Hence, for dominating these defects, 
the Realizable turbulence model (Rke) was introduced with a new formulation for the turbulent 
viscosity. 

Numerous experimental and numerical researches have been carried out on the turbulent 
combustion of non-premixed flames. Ellzey et al. [10] simulated an axisymmetric confined diffusion 
flame formed between a H2-N2 jet and compared their results with an analytical solution. They 
showed that if diffusion coefficients and densities are variable, small radial velocities are induced and 
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the flame interface is somewhat deformed. The PDF model with a fast chemistry assumption can be 
employed to consider the reaction–turbulence interactions. There are three assumed forms of the 
PDF which used in the modeling of turbulent reacting flows: the double δ function, the clipped 
Gaussian function and the β function with two average methods: the Favre and the Reynolds 
methods [11]. Among them, the β-PDF that proposed and validated by Hannon et al. [12], shows 
comparatively better results for a turbulent reacting flow. Repp et al. [13] compared two models for 
turbulence-chemistry interaction, including a Monte Carlo and a presumed β-PDF in a confined 
diffusion flame. They showed that both PDF models present a similar accuracy level of prediction of 
mean quantities. Despite the fact that the presumed β-PDF model carries out using reasonable 
computational efforts, the Monte Carlo PDF causes well capturing turbulence-chemistry interaction 
in low Damkohler numbers such as the local extinction. Cao et al. [14] applied a joint PDF method 
for a lifted turbulent jet flame with H2/N2 fuel. They showed this method can be captured some 
flame parameters such as velocity, mixture fraction and species concentration very well.  
This study uses a wall around the exit of fuel and air as a flame holder. About our knowledge, no 
experimental and numerical study has been carried out on this problem. To begin this study base on 
numerical method and on the other hand, a validated numerical simulation can be employed 
investigators in this paper have set about to an experimental setup at the first step. Aim of this paper 
is to investigate the turbulent non-premixed combustion, including species concentrations and 
temperature by using β-PDF and FLUENT commercial software [15]. Finite volume method as 
well as k-ε turbulence and DO radiation models are used to solve the governing equations  

 
EXPERIMENTAL SETUP 

 
Fig. 1 shows the experimental setup that is used. It is consisted of air and fuel supply systems, 
burner, thermocouples, control PC and a single wall flame holder. The air supply system is 
consisted of a tank of air, a flow control valve and a calibrated rotameter. The fuel is natural 
gas. Inlet air and fuel temperatures were at 300 K. The fuel and air are injected from two 
independent ways and are mixed in the burner. The wall that is shown in the Fig. 1 has a flame 
holder role. Data for temperature field is obtained with thermocouples. LABVIEW software in 
control PC shows the data of temperature field in the digital signal. 

 

Figure1. Experimental setup 
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GOVERNING EQUATIONS  

 
Conservative equations for a steady state reacting flow are used here. A generalized equation 
includes overall mass, momentum, energy and chemical species concentration equation can be 
written as [16]: 
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where quantity Φ dictates the special equation. For Φ=1, velocity component, h and yi it yields 
conservation equation of mass, momentum, energy and species mass fraction. SΦ is the source 
term in the conservation equations. 
 

TURBULENCE MODEL 
 
The realizable k-ε turbulence model [17] is applied in this study. In comparison with the 
standard k-ε, this model hinders the negation of values of the normal Reynolds stresses by 
employing a new turbulent eddy viscosity formulation. It also utilizes a new transport equation 
for dissipation rate, which hires different sink and source terms. Because of some 
disadvantages of the standard k-ε turbulence model, some researchers proposed the realizable 
model for diffusion flames [18, 19]. Further details of the realizable k-ε turbulence model can 
be found in [17].  
Turbulence intensity is expressed as: 
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TURBULENCE-COMBUSTION INTERACTIONS 

 
Because of the fluctuating characteristics of the turbulent mixing process, the probability 
density function is a skilled method for the cases including combustion process and turbulent 
flow. In this study, we employ the presumed PDF model with assumption of the fast chemistry. 
In this model, the PDF is defined in terms of two parameters: the mean and its variance of 
scalar quantity. Due to better results for the turbulent reacting flow with comparison to the 
other PDF model, the β-PDF model [12] is used to calculate the thermodynamic properties.  
In the presumed β-PDF model, the mixture fraction, f, is defined in terms of mass fraction of 
specie i, Yi: 
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where the subscripts f and ox denote the fuel and oxidant stream, respectively. 
The transport equations of mean mixture fraction, f and its variance, 2f  , are: 
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where the constant values of σt, Cg and Cd are 0.85, 2.86 and 2.0, respectively. The relation 
between the obtained time-averaged values from the above equations and the instantaneous 
mixture fraction is made by a PDF. This function is written as p(f), which is the probability that 
the fluid spends in the state f. The method applies the mean values of species concentration and 
temperature. The mean species mass fraction and temperature, i , is calculated from: 
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α and β are defined as follow:  
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For the non-adiabatic case, the mean enthalpy transport equation is described as: 
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where Sh is a source term because of radiation heat transfer to the wall boundaries. 
Chemical equilibrium is used for determining product mole fractions.  

 
RADIATION HEAT TRANSFER MODELING 

 
The radiation model may play a crucial role in the heat transfer to the surrounding walls in a 
combustor [20, 21]. The radiation heat transfer equation (RTE) for an absorbing, emitting and 
scattering medium at position r and direction s is [22]: 
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Here r, s, s ,́ a, n, σs, σ, I, T, Ф and Ω΄ denote position vector, direction vector, scattering 
direction vector, path length, absorption coefficient, refractive index, scattering coefficient, 
Stefan-Boltzman constant ( = 5.672×10-8 W/m2k4), total radiation intensity, local temperature, 
phase function and solid angle, consecutively. 

The discrete ordinate method (DOM) [23] is an appropriate model to simulate radiation 
heat transfer for the most applicable cases. It has been demonstrated that the model is a skillful 
and accurate method for PDF modeling of reacting flow [24]. Further information about this 
method can be found in [23]. 
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GEOMETRY AND BOUNDARY CONDITIONS 
 
Fig. 2 shows axisymmetric geometry of the existing burner model. According to the 
experimental setup, the radius of fuel inlet (Rf) and the radius of air inlet (Ra) of the coaxial 
burner are 0.003m and 0.011m , the length (Lh) and radius of flame holder (Rh) are 0.1m and 
0.0315m respectively and 0<z<0.5m. The velocity of fuel and air are 5.9 m/s and 6.8 m/s 
respectively. The fuel that is used is 100% methane. 
The inlet air turbulence kinetic energy and its dissipation rate are expressed as [16]: 



5.1
2 16.0)(

2
3 kIUk ref    (11) 

In which I, L, Uref are defined as turbulence intensity, characteristic length and inlet velocity 
respectively. ℓ is predicted by [16]: 

L07.0  (12) 
The flow leaves the burner with absolute pressure of 1bar. The wall of the burner is adiabatic. 

 
Figure2. Burner configuration. 

 
NUMERICAL PROCEDURE 

 
The conservation equations for mass, momentum, energy, species as well as fuel combustion, 
kinetic energy turbulence and its dissipation rate are discretized using the Finite Volume 
Method [16] and a second order upwind scheme. The SIMPLE algorithm is used to indicate 
the velocity and pressure coupling.  

The criterion of convergence of the solution is that the maximum value of the normalized 
residual of energy equation and the other transport equations must be less than 10-6 and 10-4 
respectively. In order to prevent the divergence of the non-linear equations, appropriate under 
relaxation factors are employed. The grid is denser near the annular inlet zone due to the 
mixing and reaction process. In the present study, it is found that the grid size of 35600 cells 
for the geometry ensures a grid independent solution.  
 

MODEL VALIDATION 

 
In order to validate the numerical model, the present solution is compared with the 
experimental data. Fig. 3 represents the comparison among numerical results and experimental 
data along the centreline of the burner (r=0 and 0<z<0.5m). as it is shown the numerical results 
are in a good agreement with the experimental data. 
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Figure3. Axial distribution of temperature at r=0: comparison among numerical results and 

experimental data. 
 

RESULTS AND DISCUSSIONS 
 
Fig. 4 shows predicted temperature distributions. The maximum value of temperature in this 
case is 1522 K. This figure shows that the flame temperature at the centre of the burner 
increases along the axial direction and drops gradually to the downstream from z ~ 0.43m. 

 
Figure4. Temperature distributions [K] 

 
Recirculation zones which are filled with hot gases and serve as a heat source is illustrated in 
Fig. 5. Between these recirculation zones and the surrounding flow, there exists a turbulent 
exchange by which the unburned gases are supplied continuously with the energy necessary for 
ignition. This holds both for the initial flame in the immediate neighborhood of the flame holder 
and for the main flame spreading from the recirculation zone. 

  
Figure5. Recirculation zone 

In Fig. 6 the temperature of 1400K at a mixture fraction (f) of 0 corresponds to that of the air 
stream, whereas the temperature of 298K at f = 1 is that of the methane. At the stoichiometric 
condition (f stoich), which is at about 0.09, the oxygen and fuel stream curves meet together and 
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react, see in Fig. 6 (c), as a result a maximum temperature of 1806K is achieved at this location 
of f. The corresponding density at stoichiometric shows a minimum value. The concentrations 
of CO2 and H2O have their maximum close to the stoichiometric condition, whereas CO has 
the maximum value under the fuel rich conditions. 
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Figure6. Flame results showing the dependence of the (a) temperature, (b) density and (c)-(d) species 
mole fractions on the mixture fraction. 

 
Fig. 7 reveals the computationally predicted temperatures along the centerline. The 
corresponding mean density results are also presented in this figure. In Fig. 7, the predicted 
mean axial temperature on the centreline initially starts with the fuel temperature at the inlet. 
As the combustion takes place, the flame temperature increases and achieves a maximum value 
of 1806K at about z = 0.364m. The flame temperature then drops gradually to the downstream 
with a value of about 1390K. The mean density decreases from the inlet as the temperature 
rises and becomes minimum at the point where the temperature is maximum. The density then 
rises very slowly towards the downstream of the burner, which is consistent with the falling 
temperature. 
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Figure7. Mean temperature and density results along the centerline of the burner. 

 
 
It might be interesting to see how the results presented above are linked with the mixture 
fraction and its variance, given the fact that they are a function of these two variables. These 
results are presented in Fig. 8. The mixture fraction decreases from the upstream to the 
downstream. The magnitude of the variance of the mixture fraction behaves a rapid decay at 
the upstream and then slowly decay to the downstream. 
 

 
Figure8. Profiles of the mixture fraction and its variance along the axial direction. 
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In Fig 9 (a), (b) shows the predicted species mean mole fractions along the axial direction. The 
centreline mean mole fraction of CH4 in Fig. 9(a) decays, which is consistent with the decay of 
the mixture fraction profile seen in Fig. 8. Results of the mole fraction of O2 increases 
continuously towards the downstream, a result that is consistent with the simulated mixture 
fraction decay (Fig. 8) and the flamelet data shown in Fig. 6. The locations of peaks of the 
combustion products CO, H2O and CO2 are at about z=0.24, 0.38, 0.42m respectively. 
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Figure9. Mean mole fraction of the combustion species at the centerline. 
 

 
CONCLUSION 

 
Investigation on the turbulent non-premixed combustion, including species concentrations and 
temperature by using β-PDF and FLUENT commercial software is the goal of this paper. The 
governing equations are solved by a finite volume approach and are discretized with the second 
order upwind scheme. The results shows that at f stoich, place witch the oxygen and fuel stream 
curves meet together and react, maximum value of temperature and minimum value of the 
density occurred. The manner of CH4 mole fraction curve is similar to mean mixture fraction 
along the centerline.  
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